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March 2019

Introduction

These notes introduce and discuss Chinese Remainder Codes. The first section
introduces the Chinese Remainder Theorem for Z/nZ and the basics of Chinese
Remainder Codes. The second section discusses algorithms for unique and list-
decoding Chinese Remainder Codes. The third introduces a generalized form
of the Chinese Remainder Theorem and of Chinese Remainder Codes.

This document aims to give the reader with little or no relevant background
the tools to think and read more about Chinese Remainder Codes, but my hope
is that it’s also helpful to people who have some background. The end of the first
and final chapters gives a couple of exercises for the reader, but this document
is primarily concerned with collecting together, in a readable way, information
from different sources on this topic. For a very clear and concise introduction
to Chinese Remainder Codes, with a focus on a few recent papers, see [2].

1 Chinese Remainder Codes

1.1 Chinese Remainder Theorem

If you run around a track, you’ll find that the numbers circle around: 100m,
200m, 300m, 400m, 100m, ... And the same is true for time: in the United
States, our hours go 1, 2, 3, ..., 12, 1..., and in most other places, they instead go
up to 24. People are familiar with arithmetic that is circular or “ring-shaped”
in this way: if I ask you what time it will be 8 hours after 10pm, (if you live in
the US) you will add 8+10 = 18 and subtract 12 to get 6am. It’s useful to have
symbols to refer to this kind of arithmetic, so using Z to denote the integers,
we’ll use Z/12Z to denote the integers modulo (mod) 12. This gives us a first
example:

Example 1.1.1. For two numbers n,m in Z/12Z, we calculate their sum or
their product as usual and then subtract 12 until we get a positive number less
than 12. For example, 8 + 10 = 6 (mod 12), and 8 ∗ 11 = 4 (mod 12).

Now, we can analogously define Z/nZ for any integer n:
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Definition 1.1.2. Fix an integer n. The integers mod n, denoted Z/nZ, is
the set1 of numbers (called residues, representatives, or equivalence classes)
0, 1, 2, ..., n−1, with addition and multiplication defined by taking the remainder
upon division by n.

The focus of this section will be a theorem that will help us to understand
the additive and multiplicative structure of Z/nZ. We’ll consider an example
that will serve to motivate the theorem, and then we’ll prove it.

Example 1.1.3. Consider the residues of Z/12Z:

0, 1, 2, 3, ..., 11.

Note that each of these correspond to a unique pair of residues in Z/3Z and
Z/4Z. In a table:

Z/12Z Z/3Z Z/4Z
0 0 0
1 1 1
2 2 2
3 0 3
4 1 0
5 2 1
6 0 2
7 1 3
8 2 0
9 0 1
10 1 2
11 2 3

The key observation here is that each number on the left-hand-side (LHS) gives
a unique pair of residues on the RHS.

Let n = 12, n1 = 3, and n2 = 22 = 4. (Note that n = n1n2.) The possibility
of putting congruences (mod n) into correspondence with congruences (mod n1)
and (mod n2), as in the above example, depends crucially on the fact that n1, n2

share no common factors. We give this property a special name:

Definition 1.1.4. Integers n,m are coprime if they share no prime factors.

Now, we can generalize from the preceding example (for this formulation of
the proof we draw on [8]):

Proposition 1.1.5. Suppose that n1, n2 are coprime positive integers and let
n = n1n2. Then given residue classes a1 (mod n1) and a2 (mod n2), there is a
unique residue class a (mod n) such that

a ≡ a1 (mod n1), and a ≡ a2 (mod n2).

1One can instead define Z/nZ using the notion of an equivalence class, but my hope is
that this definition is friendlier to someone who is new to this.
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In other words, there exists a solution to the pair of congruences a1 (mod n1)
and a2 (mod n2), and all the solutions to these congruences form a residue (mod
n1n2 = n).

Proof. First, we show that if x, y satisfy both congruences, they are equal (mod
n), and that any residue equal to these (mod n) satisfies both congruences.
Indeed, we have

x ≡ y (mod ni),

so that ni divides x − y. Since the ni are coprime, n divides x − y. Thus the
above equivalence holds mod n. And if x is a solution, then x+ kn1n2 is also a
solution to both congruences.

Now, we show that there exists a solution to these two congruences. Since
n1, n2 are coprime, there exist integers k, ` such that

n1k + n2` = 1.

Then
x = a2n1k + a1n2`

is a solution. Indeed,

x ≡ a1n2` ≡ a1(1− n1k) ≡ a1 (mod n).

Symmetrically, x ≡ a2 (mod n2).

The sets
Z/nZ, and Z/n1Z× Z/n2Z

are equal in size; the above theorem gives a particular bijection ψ between them,
which maps a residue on the LHS to two residues in the components on the RHS.
The Chinese Remainder Theorem simply states that this function ψ preserves
structure:

Theorem 1.1.6 (The Chinese Remainder Theorem for Z/nZ). Let n = n1n2,
with n1, n2 coprime. Let a, b be residues (mod n). The function ψ which maps
a (mod n) to the pair (a1, a2) of its representatives (mod n1) and (mod n2)
preserves structure:

ψ(ab) = ψ(a)ψ(b), and

ψ(a+ b) = ψ(a) + ψ(b),

where we define multiplication and addition on the pairs of congruences component-
wise. (That is, (a1, a2) ∗ (b1, b2) = (a1 ∗ b1, a2 ∗ b2), where ∗ is multiplication or
addition.)

Having shown that ψ is a bijection, we leave the proof of the above theorem
as an exercise. There are simpler ways of stating this theorem, which we will
record for future reference. To do that, we need two definitions:
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Definition 1.1.7. A tuple (R,+,×) (often just written R) is called a ring if
the operation + (addition) is associative and commutative with inverses and
identity; the operation × (multiplication) is associative with identity; and mul-
tiplication distributes over addition. If multiplication is commutative, the ring
is called a commutative ring.

Example 1.1.8. The integers Z, rationals Q, and reals R are rings.

Definition 1.1.9. A function on rings ψ : R1 → R2 is called a ring homomor-
phism if it preserves structure, i.e., if

ψ(ab) = ψ(a)ψ(b), and

ψ(a+ b) = ψ(a) + ψ(b).

If ψ is also a bijection, it is then called a ring isomorphism.

Now, we can restate Theorem 1.6:

Corollary 1.1.10. The bijection ψ is a ring isomorphism, and Z/nZ and
Z/n1Z× Z/n2Z are isomorphic. Notationally,

Z/nZ ∼= Z/n1Z× Z/n2Z.

Note that, in particular, if n can be factored pk1
1 · · · pkn

n , with the pi all
distinct, repeated application of the above corollary gives the following result:

Corollary 1.1.11. The following isomorphism holds:

Z/nZ ∼= Z/pk1
1 Z× · · · × Z/pkn

n Z

To conclude our discussion of the Chinese Remainder Theorem, in case it’s
of interest, we mention that most of the above theorem can be shown using
Galois theory. (If you’re not interested or haven’t seen Galois theory before,
you can safely skip the rest of this subsection.)

We’ll need to introduce a few propositions.

Proposition 1.1.12. If K1,K2 are Galois extensions of a field F that is also
their intersection, then

Gal(K1K2/F ) ∼= Gal(K1/F )×Gal(K2/F ).

(For a proof, see p. 593 of [1].) Let ζn be the nth root of unity, and express
n = pk1

1 · · · pkn
n . Using the fact that each of the fields Q(ζ

p
ki
i

) are contained

inside Q(ζn), one can use the above proposition to establish the following:

Proposition 1.1.13. Express n = pk1
1 · · · pkn

n . Then

Gal(Q(ζn)/Q) ∼= Gal(Q(ζ
p
k1
1

)/Q)× · · · ×Gal(Q(ζpkn
n

)/Q)

(For a proof, see pp. 598-9 of [1].) We introduce a final proposition:
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Proposition 1.1.14. Let ζn be the nth root of unity. Then

(Z/nZ)× ∼= Gal(Q(ζn)/Q).

(For a proof, see pp. 596-7 of [1].) Then, using the last two propositions,
we obtain the part of the Chinese Remainder Theorem for Z/nZ that concerns
multiplicative groups:

Corollary 1.1.15. The following isomorphism holds:

(Z/nZ)∗ ∼= (Z/pk1
1 Z)∗ · · · ×(Z/pkn

n )∗.

1.2 Chinese Remainder Codes

Now, suppose that you want to send a message of length K to someone, but
you suspect that, (for example, because someone could intercept your message),
some letters could be erased, changed, or deleted in your message. For example,
if K = 14, your message could be “CRCs are cool!” and you might worry that
it could be turned into something like

“CRCsYare cool!”, “CRCs re cool!”, or “CRCs ae cool!”.

The first of these is called an error, the second an erasure, and the third a dele-
tion. In this document, we’ll be focusing on errors and erasures, and especially
on errors. Chinese Remainder Codes provide a way of encoding your message
m of length K into a codeword of length N ≥ K, that allows the receiver of the
codeword to correct for errors and erasures.

To see how this works, we need to cast your message in terms of modular
arithmetic. To do this, we need some basic set-up. Fix a positive integer n. Let
p1 < · · · < pn denote positive integers which are relatively prime (for example,
the first n primes). Fix k ≤ n. Let K = p1 · · · pk and N = p1 · · · pn. Now, we
can show that m can be represented by an equivalence class in Z/KZ:

Proposition 1.2.1. Your message m with k letters can be represented by an
equivalence class in Z/KZ.

Proof. The message has k letters. We impose a restriction on the message: the
ith letter must be represented by an integer mod pi. Then, we see that your
message

m = (m1, ...,mk) is in Z/p1Z× · · ·Z/pkZ,

so that by Proposition 1.1.5, we can say (abusing notation) that m is in Z/KZ.
We now see that this restriction is not all that harmful: we can use a look-
up table to correlate each of the numbers between 1 and K (inclusive) with a
distinct message over an arbitrary alphabet. If the alphabet has ` letters, then
m will have a length over that alphabet of log`(K).

Chinese Remainder Codes use the above fact to encode a message:
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Definition 1.2.2. Fix a message m in Z/KZ. We define an encoding map
ENC that sends the message m to a codeword:

ENC(m) = (m1, ...,mn), where m ≡ mi (mod pi), for all i in [n].

We call the image ENC(Z/KZ) = CRCp1,...,pn;k the Chinese Remainder Code
over p1, ..., pn, with message length k. With sufficient context, we simply denote
the code CRC. We write m̄ for ENC(m).

In the remainder of this section, we’ll establish some basic properties of this
code. The first thing we might want to know is whether ENC and ENC−1 are
efficiently computable—that is, computable in polynomial time:

Remark 1.2.3. It turns out that ENC and ENC−1 are both efficient (and
practically) computable. As a first pass, consider the task of computing m mod
pi. This can be done (n times) to encode m. If we naively subtract pi from m
until we get to a number between 1 and pi, this takes Θ(m/pi) steps.2 Doing
this for each of the n values of i gives a total of

n∑
i=1

Θ(m/pi) ∼ nO(K/pn) ∼ O(nK/pn) ∼ O(K) steps, 3

assuming n is large. So naive computation of ENC is “efficient” (linear in K),
but if K is large this could in practice take a very long time, especially if we
want to encode messages several (for example, K) times.

Let us now consider how this could be made faster in practice. Intel proces-
sors compute the modulus in a single instruction for values up to 64 bits, but
practically, the primes pi may be larger than that. For example, if you want to
send a key for an encryption algorithm, it should be at least 2048 bits in length.
There are efficient algorithms for calculating mod larger numbers (see [9]), but
the fastest thing, if we fix N and K in advance, is to use a lookup table. Then
ENC and ENC−1 can each be computed in constant time.4

Now, our second task will be to see how one can use this code to correct for
errors and erasures. Consider the encoding of m

m̄ = (m1, ...,mn).

Suppose r̄ = (r1, ..., rn) is the corruption of m̄. We would like to use the fact
that m̄ is in the CRC to correct r̄. We would like a basic metric of how far
apart r̄ and m̄ are (we will improve this metric shortly):

Definition 1.2.4. Fix vectors m̄, r̄. The distance between them is the number
of indices at which they are unequal. The distance d of a code is the minimum
distance between all of the codewords in the code.

2This is a fancy way of saying that this takes more than c(m/pi) and less than C(m/pi)
steps to compute, for some constants c ≤ C.

3This is a fancy way of saying that there is a constant C such that this takes at most
CnK/pn steps,

4Thanks to to Noah Shutty for much help in thinking through the efficiency of these maps.
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If all of our codewords are at least d apart, then if r̄ has at most b(d− 1)/2c
errors or d − 1 erasures, we can correct it by finding the (unique) closest CRC
codeword. Conversely, if our code can correct at most b(d−1)/2c errors, that it
has distance d. To consider how good the distance of the CRC is, we consider
a bound5 on any code’s distance:

Proposition 1.2.5 (The Singleton Bound). Fix a code C with message length
k, codeword length n, and minimum distance d between codewords. Then k ≤
n− d+ 1 (equivalently: d ≤ n− k + 1).

Proof. Consider the set C̃ of codewords in C, with the last d − 1 coordinates
deleted. Then |C̃| = |C|; since the minimum distance is d, none of the truncated
codewords are the same. Let q be the number of letters in the alphabet of C.
Then |C| = qk, since there is one codeword for every message we can send.

Since |C̃| ≤ qn−d+1, these two equalities give

qk ≤ qn−d+1 =⇒ k ≤ n− d+ 1,

as required.

It’s a nontrivial feat for a code to meet the Singleton Bound, so we give the
codes that do a special name:

Definition 1.2.6. A code C that meets the Singleton Bound (k = n− d+ 1) is
called Maximum Distance Separable, or MDS.

Chinese Remainder Codes are MDS! Let us see why:6

Theorem 1.2.7. The CRC over p1, ..., pn with message length k is MDS.

Proof. We must show that d ≥ n−k+1, and that is just to say that any distinct
messages m̄, m̄′ must have less than k indices at which they agree. Let A(m̄, m̄′)
(the agreement) be the set of indices at which they differ. We must show that
|A(m̄, m̄′)| < k. Since, for all i in A,

m ≡ m′ (mod pi),

we have that
PA :=

∏
i∈A

pi divides m−m′.

Thus, PA ≤ |m − m′| < K, since m and m′ are distinct and at most K. So
|A| < k.

In a sense, this is satisfying (we met the bound!), but it isn’t entirely clear
what it would mean to say “our code can correct such-and-such-many errors.”

5due to [7], but for this formulation of the proof, we follow [10].
6For the proof, this way of framing the problem, and the brief discussion that follows, we

follow [10].
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Because the letters of the codeword mi are all of different lengths, correcting
m1 is an easier task than correcting mn.

To see this, take a toy example: suppose we have a string xy of length two,
where x is in the alphabet {0, 1}, and y is in the alphabet {1, ..., 2100}. It’s a
bit deceptive to say of any code that it can correct “one error” of such a string,
because there’s so much more information being stored in y than in x! We need
a metric to measure the amount of information the CRC can recover, and we’ve
seen that the amount of errors don’t measure this precisely. One solution is
to pick the coprime numbers pi so that they’re very close together; then, each
letter would carry a similar amount of information. But this is not always easy,
especially if we’re picking the numbers pi to be prime, since we would we need
to know more about how “close together” primes can be, in order for us to be
able to pick some that are close together. It is better then, to change the way
that we’re considering errors: we can weigh each error by the alphabet it came
from. Formally, we make explicit and develop the definitions tacit in the above
proof:

Definition 1.2.8. The agreement A(m̄, r̄) is the set of indices at which m̄, r̄
agree. The disagreement D(m̄, r̄) is the set of indices at which they disagree.

Definition 1.2.9. For any subset S of [n], define PS =
∏

i∈S pi.

Definition 1.2.10. The amplitude of agreement is PA. The amplitude of dis-
agreement is PD.

Now, we can state our desiderata for the CRC. We would like for it to be
able to correct errors and erasures, where the corrupted codeword r̄ has high
amplitude of disagreement from our message m̄. Then, we can “translate” the
Singleton Bound, using this new metric. First, we translate distance:7

Definition 1.2.11. Say that a CRC has amplitude distance D if this is is the
largest value for which, given any agreement between codewords A = A(m̄, m̄′),
we have

D ≤ N/PA.

As D increases, amplitude of agreement (PA) gets smaller between code-
words. Now, we can state the Singleton Bound for amplitudes:

Theorem 1.2.12 (Singleton Bound for Amplitudes). Suppose we are given a
code, possibly with different alphabets for different letters. For codewords, let N
be the product of the sizes of the alphabets for each letter. For messages, let K
be the product of the sizes of the alphabets for letters. For a code with amplitude
distance D, we have D ≤ N/K.

Note that if all n letters in the codeword and all k in the message come from
an alphabet of size q, and the distance is d, this says that qd ≤ qn−k, implying
the Singleton Bound from above. And the CRC meets the Singleton Bound for

7For this formulation, we draw again on [10].
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Amplitudes, as well. Two exercises that may be useful to the reader are proving
the above theorem and that the CRC meets it. (The resources to do this are
contained in this section.)

In the next section, we consider efficient algorithms for decoding CRCs. It
turns out that even though they’re MDS and efficiently encodable and decod-
able, CRCs aren’t used much in the real world. When it comes to encoding, for
example, CDs, people tend to use different (also MDS, also efficiently encodable
and decodable) codes called Reed Solomon (RS) Codes. This raises a simple
quesiton: why not use CRCs, if they have many of the same benefits as Reed
Solomon Codes? The most concise answer is that RS codes can have alphabets
of length 2i for arbitrary i, and CRCs, as we have seen, cannot: because data
is stored in binary, it’s useful to have an alphabet with length a power of 2.

2 Decoding Algorithms

We saw earlier that any code with distance d can correct up to b(d−1)/2c errors:
find the unique closest codeword, and return it. However, looking through all
codewords can take a lot of time, and one would prefer to have more efficient
decoding algorithms. In this section, we discuss in detail8 a unique decoding
algorithm, due to [4] that corrects any error amplitude less than E as long as
E2 ≤ N/K. This implies a bound on the number of errors e the algorithm can
correct:

e ≤ (n− k) · log p1

log p1 + log pn
.

Note that from our discussion of the Singleton Bound for Amplitudes, we know
that this bound on E is not optimal. We refer the reader to reading on improve-
ments on this bound and more general results from the literature at the end of
this section.

Now, we describe the algorithm. The algorithm takes as input the cor-
rupted codeword r̄ = (r1, ..., rn), and outputs the unique message m such that
PA(r̄,m̄) ≥ N/E, where E2 < N/(K − 1). It has three steps:

1. Find r, using r̄.

2. Find integers y and z such that

1 ≤ y ≤ E, 0 ≤ z ≤ N/E, and y · r ≡ z (mod N).

3. Output z/y if it’s an integer.

First, let check that this algorithm is efficient. The first step is efficient, because
to do it, we apply ENC−1 to r̄, and that is efficient. The second step is an
instance of a problem called Integer Linear Programming in a fixed number of

8Our discussion follows [2], but we made some adjustments for clarity, discussed above in
more detail the efficiency of encoding and decoding, and we discuss in more detail the error
bound.
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variables, and a discussion of why this is efficient would take us too far afield;
we refer the reader to [5] for discussion.

Now, we show that this algorithm works. We must show that there exist
y, z satisfying the above relations, and that z/y = m for any such y, z. Let us
prove each of these in turn. Recall that we assumed that the amplitude of error
PD(r̄,m̄) is less than E. We give this fact a name (call it (∗)) so that we can
refer to it later.

Theorem 2.0.1. There exist integers y and z such that

1 ≤ y ≤ E, 0 ≤ z ≤ N/E, and y · r ≡ z (mod N).

Proof. Pick any such y, and we show that there exists such a z. Let y be the
amplitude of disagreement between r̄ and m̄. By (∗), we have y ≤ E. Note also
that

y · r ≡ y ·m (mod pi), for all i,

since if i is a point of disagreement, this is 0, and otherwise it is a point of
agreement, and equality again holds. Using 1.1.5, it follows that y ·m ≡ z (mod
N), for some z. Since y ≤ E, m ≤ K − 1, and we have E <

√
N/(K − 1), it

follows that z < N/E, as required.

Now, we prove that z/y = m for any such y, z.

Theorem 2.0.2. Consider any y, z that satisify

1 ≤ y ≤ E, 0 ≤ z ≤ N/E, and y · r ≡ z (mod N).

Then if z/y is an integer, it is equal to z.

Proof. For any i in A = A(r̄, m̄), we have that

z ≡ y · r ≡ y ·m (mod pi),

so by 1.1.5, we have y ·m ≡ z (mod PA). It will suffice to show that y ·m and
z are both less than PA. By (∗), we have PA > N/E. So, we can just show
that these are less than N/E, and this was shown at the end of the previous
proof.

So, our algorithm works and is efficient! To get the bound on the number e
of errors we can tolerate, just note that E2 ≤ N/k gives

n∏
i=n−e+1

p2
i ≤

n∏
i=n−k+1

pi.

This holds if pen < p
n−(e+k)
1 , so rearranging gives

e ≤ (n− k) · log p1

log p1 + log pn
,
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which is the bound stated at the start of this section.
This concludes our discussion of the unique decoding algorithm for errors.

This approach can be improved upon (see [2]) and generalized to erasure decod-
ing (see [6]) and other error models (see [3]). In the next section, we introduce
generalizations of Chinese Remainder Codes and of the Chinese Remainder The-
orem.

3 Generalized Chinese Remainder Codes

This section introduces a generalized version of the Chinese Remainder The-
orem, and of Chinese Remainder Codes. Their basic properties are discussed
further in [11]; this is just to give the reader a sense for how they are supposed
to work.

3.1 Chinese Remainder Theorem Revisited

Recall our earlier formulation of the Chinese Remainder Theorem for Z/nZ:

Corollary 3.1.1. Express n = pk1
1 · · · pkn

n . Then

Z/nZ ∼= Z/pk1
1 Z× · · · × Z/pkn

n Z.

In this section, we introduce the Chinese Remainder Theorem in full gener-
ality, which implies the above as a corollary. To do this, we need to recall an
earlier definition and introduce a few others:

Definition 3.1.2. A tuple (R,+,×) (often just written R) is called a ring if
the operation + (addition) is associative and commutative with inverses and
identity; the operation × (multiplication) is associative with identity; and mul-
tiplication distributes over addition. If multiplication is commutative, the ring
is called a commutative ring.

Definition 3.1.3. An ideal is a subset I of a ring R that is closed under addition
between elements of I and multiplication of elements of I by elements of R.

Example 3.1.4. Fix an integer n. The set nZ of all multiples of n is an ideal
in the ring Z. When n = 0, the ideal is trivially small, since it contains only 0,
and when n = 1, the ideal is trivially large, since it contains all of Z. (These
last two observations hold for any ring R.)

Definition 3.1.5 (Operations on Ideals). The product I1 ···In of ideals I1, ..., In
is the ideal of all finite sums of elements of the form x1 · · ·xn with xi in Ii. The
sum I1 + · · ·+ In is the ideal of all sums of the form x1 + · · ·+ xn with xi in Ii.

Definition 3.1.6. Two ideals I1, I2 of a ring R are comaximal or (and this
means the same thing) relatively prime when I1 + I2 = R.
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Now, we can state and prove the theorem, which will allow us to introduce
a generalized version of Chinese Remainder Codes:9

Theorem 3.1.7 (The Chinese Remainder Theorem). Let I1, ...., In be ideals in
R. The map

ψ : R→ R/I1 × · · · ×R/In
defined by

r 7→ (r + I1, ..., r + In)

is a ring homomorphism with kernel

kerψ = I1 ∩ · · · ∩ In.

If for each i 6= j the ideals Ii, Ij are comaximal, then ψ is surjective and I1 ∩ · ·
· ∩ In = I1 · · · In, so that

R/(I1 · · · In) = R/(I1 ∩ · · · ∩ In) ∼= R/I1 × · · ·R/In.

(For a proof and discussion, see pp. 265-7 of [1].) The Chinese Remainder
Theorem for integers is obtained as a special case by taking R = Z/nZ, and
Ii = pki

i , where n = pk1
1 · · · pkn

n .

3.2 Generalized Chinese Remainder Codes

We can now use the Generalized Chinese Remainder Theorem to introduce
Generalized Chinese Remainder Codes, defined for arbitrary commutative rings
R (not just Z/NZ) and for arbitrary comaximal ideals I1, ..., In (not just Z/piZ
with N = p1 · · · pn and n1, n2 coprime). Let us consider an example of choices
for R, I1, .., In:

Example 3.2.1. We can take R = F [x], the polynomial ring with coefficients
in a field F (such as Q or R), and we can take Ii to be the ideal of multiples of
some irreducible polynomial fi(x) of degree i.

Now, we can finally introduce Generalized Chinese Remainder Codes:

Definition 3.2.2. Let R be a commutative ring with identity. Let I1, ..., Is be
relatively prime ideals of R. Let I∗ be the intersection of all of these ideals, let
pi = |R/Ii|, and let

Ji = I1 ∩ · · · ∩ Ii−1 ∩ Ii+1 ∩ · · · ∩ Is.

Then, for a message m in R/I∗, we use the encoding:

ENC(m) = (m1, ...,ms), where m ≡ mi (mod Ji).

We call the image ENC(R/I∗) the Generalized Chinese Remainder Code GCRC
over R, I1, ..., Is.

We direct the reader to [11] for further discussion. There, the reader will
find discussion of the properties of GCRCs and proofs (some of which use 3.1.7!)
that they have them.

9This proof closely follows pp. 265-6 of [1].
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4 Conclusion

In the first section, we introduced the Chinese Remainder Theorem and Chi-
nese Remainder Codes, and discussed a few of their basic properties. Then, we
discussed an algorithm for efficient decoding of errors. Finally, we saw general-
izations of the Chinese Remainder Theorem and of Chinese Remainder Codes. I
hope you’ve enjoyed reading this! If you have any comments, feedback, or ideas
for how this could be improved, please send me an email! (You can do that by
clicking on my name, at the top of the document.)
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